Explosive solutions of stochastic wave equations with damping on Rd  by Bo, Lijun et al.
J. Differential Equations 244 (2008) 170–187
www.elsevier.com/locate/jde
Explosive solutions of stochastic wave equations
with damping on Rd ✩
Lijun Bo a,b, Dan Tang b,∗, Yongjin Wang b
a Department of Mathematics, Xidian University, Xi’an 710071, China
b School of Mathematical Sciences, Nankai University, Tianjin 300071, China
Received 19 August 2006; revised 7 October 2007
Abstract
A class of (strong) damped stochastic wave equations driven by multiplicative noises is considered in
this article. By using an appropriate energy inequality we shall give sufficient conditions such that the local
solutions of the stochastic equations are blowup with positive probability or explosive in L2 sense.
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1. Introduction
In recent years, the following (deterministic) wave equation with damping has aroused much
attentions in the literature (see e.g. [4–8,10]),
⎧⎨
⎩
utt (t, x)−u(t, x)+Aut(t, x) = μ
∣∣u(t, x)∣∣ρu(t, x),
u(0, x) = u0(x),
ut (0, x) = v0(x), (t, x) ∈ (0,∞)× Rd,
(1)
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L. Bo et al. / J. Differential Equations 244 (2008) 170–187 171where A = − or κI (I denotes the identity operator) with positive constants μ, ρ, κ and
ut := ∂u∂t , utt := ∂
2u
∂t2
. For Eq. (1), some subjects such as the global existence, asymptotic behavior
and blowup of the solutions have been investigated in afore mentioned papers. It is known that
the Cauchy problem (1) might be transformed into:
{du(t) = v(t)dt,
dv(t) = u(t)dt −Av(t)dt +μ∣∣u(t)∣∣ρu(t)dt,
u(0) = u0, v(0) = v0.
(2)
In this article, we consider a stochastic version of (1). Let V be a real separable Hilbert space
admitting an orthonormal basis {ej }j∈N with c0 := supj1 ‖ej‖∞ < ∞ (where ‖ · ‖∞ denotes
the super-norm), and Q := ∑∞j=1 γj ej ⊗ ej for some γj  0 is a nonnegative operator with
finite trace on V . Suppose that W := {W(t); t  0} is a V -valued Q-Wiener process on some










]= (t ∧ s)〈Qa,b〉V , for any a, b ∈ V, (3)
where 〈·,·〉V denotes the inner product in V . We here are going to study the following stochastic
partial differential equation (abbr. SPDE):
⎧⎪⎪⎨
⎪⎪⎩
utt (t, x)−u(t, x)+Aut(t, x)
= μ∣∣u(t, x)∣∣ρu(t, x)+ g(u(t, x), ut (t, x),Du(t, x)) ∂
∂t
W(t, x),
u(0, x) = u0(x),
ut (0, x) = v0(x), (t, x) ∈ (0,∞)× Rd,
(4)
where Du := ( ∂u
∂x1
, . . . , ∂u
∂xd
) denotes the gradient of differential mapping u on Rd . The central
objective of this paper is to study the explosive solutions of (4) under different conditions on the
positive constants μ,ρ, κ and the volatility coefficient g. It is worthy mentioning some known
works in the literature which stimulated our current consideration. In [2], Chow discussed a
class of non-dissipative stochastic wave equations with polynomial nonlinearity, and using the
energy inequality the author demonstrated the global existence of the solutions for the equation.
In a recent paper, Brzez´niak et al. [1] studied global existence and stability of solutions for
the stochastic nonlinear beam equations. In those two articles the energy inequality (Lyapunov
functional) plays a central role in proving global existence of the solutions. Nevertheless, Itô
formula could not be applied directly to mild solutions of SPDEs, Brzez´niak et al. [1] and Chow
[2] constructed a sequence of strong solutions of SDEs in infinite dimension to approximate the
mild solutions of the SPDEs (or see [3]). Here, we also adopt the similar approximation to obtain
the Itô rule for the mild solution of (4), and shall prove that the solution either blows up in finite
time with positive probability or is explosive in L2 sense.
The rest of the paper is organized as follows. In Section 2, some notation and a technical
proposition are introduced for the later use. In Section 3 the existence of explosive solutions of
(4) is proved for the dissipative case (A = κI ), and Section 4 deals with the strong damping case
(A = −).
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2 for h ∈ H 1(Rd). For the estimates below, we state the Gagliardo–Nirenberg
inequality as follows (see e.g. Lemma 2.1 of [5]). Hereafter, set d0 = +∞ by the usual conven-
tion.
Lemma 1. Let 2 q  2d
(d−2)+ and 1 r < q . Then there exists a constant K0 > 0 such that for


















By Lemma 1, we also have
Proposition 1. For all u,v ∈ H 1(Rd) and 0 < ρ  d
(d−2)+ − 1, there exists a constant c1 =
c1(d,ρ) > 0 such that
{‖u‖L2(ρ+1)  c1‖u‖H 1,∥∥uρv∥∥
L2  c
ρ+1
1 ‖u‖ρH 1‖v‖H 1 .
(5)
Proof. To prove the first inequality of (5), set r = 2 and q = 2(ρ + 1) in Lemma 1, then
θ := dρ2(ρ+1) ∈ (0,1]. In fact, θ  ρρ+1  1 if d = 1,2, and ρ + 1  dd−2 (namely dρ2(ρ+1)  1)
if d > 2. It follows from Lemma 1 that there exists some constant c1 = c1(d,ρ) > 0 such that
‖u‖L2(ρ+1)  c1‖Du‖θL2‖u‖1−θL2
 c1‖u‖θH 1‖u‖1−θH 1
= c1‖u‖H 1 .
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p−1 . By the Hölder
inequality,
∥∥uρv∥∥
L2  ‖u‖ρL2pρ‖v‖L2γ .
For d = 1,2, it follows from the first inequality of (5) that ‖u‖ρ
L2pρ
‖v‖L2γ  cρ+11 ‖u‖ρH 1‖v‖H 1 .
If d > 2, set p = d
(d−2)ρ > 1. Then γ = dd−(d−2)ρ  dd−2 . Therefore,
‖u‖ρ
L2pρ
‖v‖L2γ  cρ+11 ‖u‖ρH 1‖v‖H 1,
and so ‖uρv‖L2  cρ+11 ‖u‖ρH 1‖v‖H 1 . This completes the proof of Proposition 1. 
Define the mapping f : H 1(Rd) → L2(Rd) by [f (u)](x) = μ|u(x)|ρu(x) for u ∈ H 1(Rd)









)= f (u(t)), for u(t) ∈ H 1(Rd).
Further define the operator Ψ : H 1(Rd) → L(V ,L2(Rd)) (the total set of linear operators from








(x) = g(u(t, x), ut (t, x),Du(t, x))h(x), for h ∈ V.
Let Ξ = H 1(Rd) ⊕ L2(Rd) with the norm ‖U‖Ξ := (‖u‖2H 1 + ‖v‖2L2)
1
2 , for each
U = (u, v)T ∈ Ξ . Recall (4), then (4) might be treated as a stochastic differential equation
(abbr. SDE) in two cases: A = − and κI .
• If A = κI , then (4) is equivalent to
{
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Therefore, we shall study the SDEs (6) and (7) instead of (4).
3. Explosive solutions to Eq. (6)
In this section, the local existence of the mild solution to (6) is proved and further the explosion
of the solution shall be discussed. The first result of this section is stated as follows:
Proposition 2. Suppose that ρ ∈ (0,∞) if d = 1,2, and 0 < ρ  d
(d−2)+ − 1 otherwise. Let
g : R × R × Rd → R be a continuous function. Suppose that for any u,v,u′, v′ ∈ R and
u,u′ ∈ Rd ,
∣∣g(u, v,u)∣∣2  c2[1 + |u|2(ρ+1) + |v|2 + |u|2], (8)
and
∣∣g(u, v,u)− g(u′, v′,u′)∣∣2  c3[(1 + |u|2ρ + |u′|2ρ)|u− u′|2 + |v − v′|2 + |u − u′|2], (9)
for some constants c2, c3 > 0. Then (6) admits a unique local mild solution (u(t), ut (t))T ∈ Ξ ,
provided (u0, v0)T ∈ Ξ .




∈ (0,1), if R < |x| <R + 1,
0, otherwise,
(10)
and further assume that ‖K ′R‖∞  2. Recall that [f (u)](x) = μ|u(x)|ρu(x) with u ∈ H 1(Rd).
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Hölder inequality and Proposition 1,
∥∥fR(u)− fR(u′)∥∥L2

∥∥(KR(‖u‖H 1)−KR(‖u′‖H 1))f (u)∥∥L2 +KR(‖u′‖H ′)∥∥f (u)− f (u′)∥∥L2
 ‖K ′R‖∞
∣∣‖u‖H 1 − ‖u′‖H 1 ∣∣∥∥μ|u|ρu∥∥2χ{‖u′‖H1R+1}
+ c4(ρ)KR
(‖u′‖H 1)∥∥μ|u− u′|(|u|ρ ∨ |u′|ρ)∥∥L2
 2μ‖u− u′‖H 1‖u‖ρ+1L2(ρ+1)χ{‖u′‖H1R+1}
+ c4(ρ)KR
(‖u′‖H 1)‖u− u′‖L2(ρ+1)(‖u‖ρL2(ρ+1) + ‖u′‖ρL2(ρ+1))
 2μcρ+11 ‖u− u′‖H 1‖u‖ρ+1H 1 χ{‖u′‖H1R+1}
+ c4(ρ)cρ+11 KR
(‖u′‖H 1)‖u− u′‖H 1(‖u‖ρH 1 + ‖u′‖ρH 1)
 c5(R,ρ)‖u− u′‖H 1, (11)
where χB denotes the indicator of some set B . This implies that
∥∥FR(U)− FR(U ′)∥∥2Ξ = ∥∥fR(u)− fR(u′)+ κv′ − κv∥∥2L2
 2
(∥∥fR(u)− fR(u′)∥∥2L2 + ‖κv − κv′‖2L2)
 c6(R,ρ)‖U −U ′‖2Ξ . (12)
Similarly as in (11) and (12), one has
∥∥FR(U)∥∥2Ξ = ∥∥fR(u)− κv∥∥2L2
 2μK2R










On the other hand, let gR(u, v,u) = KR(‖u‖H 1)g(u, v,u) for u,v ∈ R and u ∈ Rd . For each





















Then it follows from Proposition 1 and the assumptions (8)–(9) of Proposition 2 that































































































(‖u′‖H 1)[‖u− u′‖22 + ∥∥|u|ρ |u− u′|∥∥2L2
+ ∥∥|u′|ρ |u− u′|∥∥2
L2 + ‖v − v′‖2L2 + ‖Du−Du′‖2L2
]
 c9(R,ρ)‖U −U ′‖2Ξ . (15)
Combining the estimates (12)–(15). Note that Λ1 is the infinitesimal generator of a C0-semigroup
{exp(tΛ1); t  0} in Ξ (see e.g. [11]). Then applying Theorem 7.4 of [3] to conclude that the
truncated SDE {








dW(t), (16)U(0) = U0
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(Ft )t0-stopping time by
τR := inf
{




and U(t) = UR(t) on the event {t < τR}. If let ζ := limR→∞ τR , then by the continuity of the
path t → U(t) (see e.g. [3]), U(t) is the unique local solution with lifespan ζ . This finishes the
proof of Proposition 2. 
In the following, we switch to discuss the explosion of the mild solution of (6). Actually, we
have
Theorem 1. Let ρ be the constant defined in Proposition 2. Suppose that g(t, x,u) ≡ g(t, x) and
there exists α ∈ (0, ρ/4] such that
(i) (u0, v0)T ∈ Ξ and E〈u0, v0〉 > κ2αE‖u0‖
2
L2 > 0,









E‖Du0‖2L2 + c0 Tr(Q)‖g‖L2(R+×Rd )
E‖u0‖ρ+2Lρ+2
 2μ
ρ + 2 ,
where c0 is defined in Section 1 and Tr(Q) =∑∞j=1 γj is the trace of the operator Q. Then for
the mild solution u(t) of (6) and the lifespan ζ with L2(Rd)-norm, either
(1) P(ζ < ∞) > 0 (i.e., u(t) in L2(Rd)-norm blows up in finite time with positive probability),
or











2αE〈u0, v0〉 − κE‖u0‖2L2
]
.
For proving the theorem, the following lemma is useful.






















































Proof. Note that for y ∈ L2(Rd), ‖y‖2
L2
=∑∞k=1〈y, eˆk〉2, where {eˆk}k∈N is an orthonormal basis
of L2(Rd). Then by Itô formula1
∥∥v(t)∥∥2









































where {M(t); t  0} is a zero-mean (Ft )t0-martingale. Recall that Q =∑∞j=1 γj ej ⊗ ej and

























These jointly imply (17).
1 Although Itô formula cannot be used directly for the mild solutions of Eq. (6), the approximation by strong solutions
as in Brzez´niak et al. [1] still works for our case.
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{〈u(t), eˆk〉; t  0} is a continuous (Ft )t0-adapted finite variation process and {〈v(t), eˆk〉; t  0}
























































































Then (18) follows from (21)–(23). 
Now we are in the position to complete the proof of Theorem 1.
Proof of Theorem 1. For the lifespan ζ of the mild solution {u(t); t  0} of (6) with L2(Rd)-







Recall (2) and consider its stochastic version with the same noise term as in (4). Then
F ′(t) = d F(t) = 2E〈u(t), v(t)〉.
dt
180 L. Bo et al. / J. Differential Equations 244 (2008) 170–187But by (18) in Lemma 2,





L2 ds − κE
∥∥u(t)∥∥2
L2












F ′′(t) = −2E∥∥Du(t)∥∥2





Let α > 0 (which will be specified later). Since







F(t)F ′′(t)− (α + 1)(F ′(t))2
= F(t)[−2E∥∥Du(t)∥∥2



















L2 − (2α + 1)E
∥∥v(t)∥∥2
L2 .







































Lρ+2 + I0, (24)
L. Bo et al. / J. Differential Equations 244 (2008) 170–187 181where I0 is defined by













From the assumption (iii) of Theorem 1, it follows that I0  0. By (24), if choose α ∈ (0, ρ/4],
then H(t) 0, for all t  0. Therefore,




)′′ + κ(F−α(t))′  0, ∀t  0. (25)
Integrating on both sides of (25), we have
F−α(t) F−α(0)
[
1 − (1 − e−κt)αF ′(0)
κF (0)
]
, ∀t  0. (26)
Recall that F(0) = E‖u0‖2L2 and F ′(0) = 2E〈u(0), v(0)〉. Then the assumption (i) of Theorem 1
implies that αF
′(0)









Then as t ↑ t0, the right-hand side of (26) tends to zero. This means that there exists a positive





As for the case when P(ζ = +∞) < 1 (i.e., P(ζ < +∞) > 0), then u(t) in L2(Rd)-norm
blows up in finite time interval [0, ζ ] with positive probability. So the proof of Theorem 1 is
completed. 
4. Explosive solutions to Eq. (7)
In this section, we shall discuss the analogous topic of the mild solution to (7) as in Section 3.
Let us recall (7) in Section 2. Since by Appendix A in [3], Λ2 in (7) generates a strongly con-
tinuous analytic semigroup of contractions on Ξ . If I is the identity operator on Ξ , then there
exists β ∈ R such that Λ3 := Λ2 − βI satisfies the hypothesis (P) in [9]. Hence by Theorem 1.5
in [9], (7) might be rewritten as
{




dt +G(U(t))dW(t),U(0) = U0,
182 L. Bo et al. / J. Differential Equations 244 (2008) 170–187where F3(U(t)) := F2(U(t)) + βU(t). Let U = (u, v)T, U ′ = (u′, v′)T ∈ Ξ and assume that
‖U‖Ξ,‖U ′‖Ξ R. Then it follows from Proposition 1 that
∥∥F3(U)− F3(U ′)∥∥2Ξ = β2‖u− u′‖2H 1 + ∥∥μ(|u|ρu− |u′|ρu′)+ β(v − v′)∥∥2L2
 β2‖u− u′‖2
H 1 + 2μ2
∥∥|u|ρu− |u′|ρu′∥∥2
L2 + 2β2‖v − v′‖2L2
 3β2‖U −U ′‖2Ξ + 2μ2
∥∥|u|ρu− |u′|ρu′∥∥2
L2
 3β2‖U −U ′‖2Ξ + 2μ2(ρ + 1)c2(ρ+1)1 R2ρ‖u− u′‖2H 1
 c(β,R)‖U −U ′‖2Ξ . (27)
On the other hand, assume that there exists a constant c(R) > 0 such that
Tr
((
G(U)−G(U ′))Q(G(U)−G(U ′))∗) c(R)‖U −U ′‖2Ξ . (28)
Then Proposition 2 in Section 3 and Theorem 1.5 in [9] jointly show that (7) possesses a unique
local mild solution, provided the constant ρ > 0 satisfies the condition of Proposition 2.
Next we consider the explosion of the mild solution to (7) in L2 sense. Actually, we shall have
the following
Theorem 2. Suppose that ρ ∈ (0,∞) for d = 1,2 and 0 < ρ  d
(d−2)+ − 1 otherwise. Let
g(t, x,u) ≡ g(t, x) for (t, x,u) ∈ R+ × Rd × R. If for (u0, v0)T ∈ Ξ , assumption (ii) of The-
orem 1 is satisfied and there exists α ∈ (0, ρ/4] such that
μ
E‖Du0‖2L2 + E‖v0‖2L2 + c0 Tr(Q)‖g‖L2(R+×Rd )
2( 12α+1 − 1ρ+2 )E‖u0‖ρ+2Lρ+2
, (29)
then for the mild solution u(t) of (7) and the lifespan ζ with L2(Rd)-norm, either
(1) P(ζ < ∞) > 0 (i.e., u(t) in L2(Rd)-norm blows up in finite time with positive probability),
or
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(
1





−[E‖Du0‖2L2 + E‖v0‖2L2 + c0 Tr(Q)‖g‖L2(R+×Rd )]. (31)
Similarly as in Lemma 2, we also get






















































In the following, our central task is to prove Theorem 2.
Proof of Theorem 2. For the lifespan ζ of the mild solution {u(t); t  0} to (7) with L2(Rd)-
norm, let us consider the case when P(ζ = +∞) = 1. Let T0 > 0 be fixed and λ,ς be two






L2 ds + (T0 − t)E‖Du0‖2L2 + λ(t + ς)2.
Then from (33) in Lemma 3, we conclude that
F ′(t) = 2E〈u(t), v(t)〉+ E∥∥Du(t)∥∥2
L2 − E‖Du0‖2L2 + 2λ(t + ς)




ds + 2λ(t + ς)0















L2 ds + 2λ(t + ς),
and so
































































L2 ds + λ
]
 0. (36)
Then for α ∈ (0, ρ/4],
F(t)F ′′(t)− (α + 1)(F ′(t))2 = 4(α + 1)S(t)+ 2F(t)H(t)+ 2(T0 − t)E‖Du0‖2L2G(t). (37)
For f1, g1 ∈ L2([0, t] × Rd ×Ω) with t > 0 fixed, define
〈〈f1, g1〉〉1 := E
t∫ ∫
d
f1(s, x)g1(s, x)dx ds,
0 R
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Further define ‖f ‖i := √〈〈f,f 〉〉i , for i = 1,2,3. Where 〈〈a, b〉〉3 denotes the dot product on R
for a, b ∈ R. Recall (34) and applying the following inequality,
(〈〈f1, g1〉〉1 + 〈〈f2, g2〉〉2 + 〈〈a, b〉〉3)2  (‖f1‖21 + ‖f2‖22 + ‖a‖23)(‖g1‖21 + ‖g2‖22 + ‖b‖23), (38)
































− ‖u0‖ρ+2Lρ+2 + 2αE
∥∥Du(t)∥∥2
L2 − 2αE‖Du0‖2L2



























2 − 4α + 2
ρ + 2
)








g2(s, x)dx ds + λ
]
. (40)
If we set λ = λ0 (where λ0 is defined by (31)), then assumption (29) implies that H(t) 0, for
all t  0. It follows from (37) that for t  0,




)′′ = −αF−α−2(t)[F(t)F ′′(t)− (α + 1)(F ′(t))2] 0.
The Taylor expansion shows that there exists θ ∈ (0,1) such that










F(0)− αtF ′(0)]−1. (43)
This shows that there exists a positive time η F(0)/[αF ′(0)] such that F(t) → +∞, as t ↑ η−.




2αλ0ς + 2αE〈u0, v0〉 − E‖Du0‖2L2
, (44)
provided 2αλ0ς +2αE〈u0, v0〉−E‖Du0‖2L2 > 0, for ς large enough. In particular, for the initial
value (u0, v0)T ∈ Ξ , define a set by
O0 :=
{




T ∗0 = inf
ς∈O0
{ E‖u0‖2L2 + λ0ς2
2αλ0ς + 2αE〈u0, v0〉 − E‖Du0‖2L2
}
.
Then an explicit calculation shows that













E‖Du0‖2L2 − αE〈u0, v0〉
)}
.









L. Bo et al. / J. Differential Equations 244 (2008) 170–187 187As for the case when P(ζ = +∞) < 1 (i.e., P(ζ < +∞) > 0), this implies that u(t) in
L2(Rd)-norm can blow up in finite time interval [0, ζ ] with positive probability. Therefore the
proof of Theorem 2 is complete. 
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